We give two simple proofs of the fact that any even Artin groups of FC-type are normally poly-free which was recently established by R. Blasco-Garcia, C. Martínez-Pérez and L. Paris. More generally, let Γ be a finite simplicial graph with all edges labelled by positive even integers and A Γ be its associated Artin group, we show that if A T is poly-free (resp. normally poly-free) for every clique T in Γ, then A Γ is poly-free (resp. normally poly-free). We also prove similar results regarding the Farrell-Jones Conjecture for Artin groups. In particular, we show that if A Γ is an even Artin group such that each clique in Γ either has at most 3 vertices, has all of its labels at least 6, or is the join of these two types of cliques (the edges connecting the cliques are all labelled by 2), then A Γ satisfies the Farrell-Jones Conjecture. We also have some results for general Artin groups.
where v and w are the vertices of e, and v, w m e denotes the alternating product vwv · · · of length m e beginning with v. For example v, w 3 = vwv. An Artin group is called even if all edge labels are even. The group is a right-angled Artin group (RAAG) if all edges are labelled by 2. Despite the simple presentation, Artin groups in general are poorly understood. For example, the K(π, 1) Conjecture [11, Conjecture 1] predicts that every Artin group A Γ has a finite classifying space K(A Γ , 1) (equivalently that an explicitly described space is a K(A Γ , 1)) while in general it is even unknown whether A Γ is torsion-free.
The Coxeter group associated to Γ is the quotient of A Γ by the relations v 2 = 1 for all v ∈ V(Γ). A Γ is of spherical type if the associated Coxeter group W Γ is finite.
Given a subset T of V(Γ), we denote by A T (resp. W T ) the subgroup of A Γ (resp. W T ) generated by T , and by Γ T the full subgraph of Γ spanned by T . The group W T is the Coxeter group of Γ T [7] , and A T is the Artin group of Γ T [25] . We say T spans a clique in Γ if any two elements of T are joined by an edge in Γ. We say that A Γ is of FC-type if A T is of spherical type for every clique in Γ. Artin group of FC-type are relatively well understood, for example, the K(π, 1) Conjecture is known [11] .
even Artin groups
The purpose of this section is to prove our main theorems related to even Artin groups.
The proofs use Bass-Serre theory, see [13, 24] for more information.
We first need the following observation on even Artin groups of FC-type [ Our basic strategy to prove that A Γ is normally poly-free is via mapping
where A Γ ′ has the same underline graph and labels as Γ except we change one label to 2.
The following lemma is our key observation. is a free group.
Proof The map is obviously surjective. The group A I 2n has the following presentation:
x, y | (xy) n = (yx) n
The relation (xy) n = (yx) n can be rewritten as (xy) n = y(xy) n y −1 . Thus let a = xy and t = y, we have a new presentation of A I 2n a, t | ta n t −1 = a n This is just the Baumslag-Solitar group BS (n, n). Now R maps BS (n, n) to the free abelian group of rank 2 x,ȳ |xȳ =ȳx via mapping a toxȳ and t toȳ. Note that BS (n, n) can be viewed as an HNN extension of a along the subgroup a n via the identity map. By Bass-Serre theory, BS (n, n) acts on a tree T with vertex stabilizers conjugating to a and edge stabilizers conjugating to a n inside BS (n, n). Since R is injective when restricted to a . We have Ker(R) acts on T freely, hence Ker(R) is a free group.
Remark 2.3. In general when the label is not necessarily even, one can define a similar map R ′ : A I n → a by mapping both of the generators to a. One can show that the kernel of this map is also free, but we were not able to do much with this map.
With Lemma 2.2, we can already show even Artin groups of spherical type are normally poly-free.
Lemma 2.4. Let Γ be a clique with all labels even and A Γ be its associated Artin group. If A Γ is of spherical type, then it is products of Z and Artin groups of type I 2n . In particular, it is normally poly-free.
Proof The lemma follows easily from the classification of Artin groups of spherical type and Lemma 2.2. We also give a inductive argument here using Lemma 2.1. If all the labels are 2, we are done. Let I be an edge in Γ whose label is not 2. Let Γ 0 be the subgraph of Γ spanned by vertices in Γ which do not lie in I. Note that Γ 0 is again a clique and Γ is the join of I and Γ 0 . More importantly by Lemma 2.1, all the edges connecting vertices in I and Γ 0 must have labels 2. Thus A Γ = A I × A Γ 0 . the lemma now follows from induction.
Lemma 2.5. Let {G i } i∈I be a sequence of poly-free groups of length at most n. Then the free product * i∈I G i is again a poly-free group of length at most n. The same also holds for normally poly-free groups. Moreover, when I is finite and each G i is virtually poly-free (resp. virtually normally poly-free), so does * i∈I G i .
Proof We prove the "poly-free" part of the lemma by induction on n, the other part can be proved similarly. Suppose it is true for n = k, we have each G i has a normal subgroup H i with poly-free length k and G i /H i is a free group. Then we have a map from * i∈I G i to * i∈I G i /H i which is a free group. Now by Bass-Serre theory * i∈I G i acts on a tree with vertex stabilizers conjugate to G i and edge stabilizers trivial. In particular the kernel as a subgroup of * i∈I G i also acts on this tree. Moreover since the kernel is a normal subgroup of * i∈I G i , it acts on the tree with vertex stabilizers isomorphic to H i and edge stabilizers trivial. Thus by Bass-Serre theory, the kernel is a free product of H i and some free groups. By induction it is a poly-free group of length k. Hence * i∈I G i is a poly-free group of length k + 1. When G i is only virtually (normally) poly-free, we can first map * i∈I G i to the products × i∈I G i .
One can see that the kernel is a free group similarly using Bass-Serre theory. It is straight forward to check now × i∈I G i is again virtually (normally) poly-free.
Lemma 2.6. Let C be a subgroup of A and B and G = A * C B be the amalgamated product.
and ker( f | B ) are free groups (resp. poly-free group), then ker( f ) is also a free group (resp. poly-free group).
Proof By Bass-Serre theory, G acts on a tree T such that the vertex stabilizers are either conjugate to A or B and all edge stabilizers are conjugate to C in G. Now ker( f ) as a subgroup of G also acts on T . For any edge E ∈ T , if its stabilizer is conjugate to C in G,
For the same reason, we have ker( f ) ∩ G v is a free group for any vertex v ∈ T . Now this implies that ker( f ) acts on the tree T with vertex stabilizers free and edge stabilizers trivial. By
Bass-Serre theory, we have ker( f ) is free products of free groups and hence it is free. When ker( f | B ) is a poly-free group of length d, we have ker( f ) is free products of free groups and poly-free groups of length at most d. By Lemma 2.5, we have ker( f ) is a poly-free group of length at most d.
Remark 2.7. Note that Lemma 2.6 also holds for graph of groups as long as f restricted to each vertex group is injective.
We are now ready to prove the main theorem. We will first give an almost complete proof using the map in Lemma 2.
2.
An almost complete proof of Theorem A. The proof is via induction on the number of vertices of Γ.Let A Γ be an even Artin group of FC-type, by Lemma 2.5, we can assume Γ is connected. By Lemma 2.4, we can further assume Γ is not a clique. In particular, we have a vertex v 0 such that the star st(v 0 ) Γ. In this case, let Γ 1 be the subgraph of Γ spanned by vertices in V Γ \ v 0 , where V Γ is the vertex set of Γ. Now we can write A Γ as an amalgamated product of groups
Now if all the edges connecting v 0 to the link lk(v 0 ) are labled by 2, we have A st(v 0 ) = Z × A lk (v 0 ) . We now define a map f from A Γ to A Γ 1 by killing v 0 . Then f | A Γ 1 is injective and f | A st(v 0 ) has kernel v . Therefore by Lemma 2.6, ker( f ) is a free group. The result now follows from induction.
Assume now there is an edge I connecting v 0 which is not labelled by 2. We define Γ ′ be the labelled graph obtained from Γ via changing the label of I to 2 and let R be the corresponding map. Since R | A Γ 1 is injective, if the kernel of R restricted to A st(v 0 ) is free, by Lemma 2.6, we would have ker( f ) is also a free group. So to prove the theorem, we just need to show the kernel of R restricted to A st(v 0 ) is free. Let the other end of I be w 0 . If st(w 0 ) ∩ st(v 0 ) st(v 0 ), then we can split the group st(v 0 ) as an amalgamated product just as before. Otherwise suppose that st(w 0 ) ∩ st(v 0 ) = st(v 0 ) and let Γ 2 be the full subgroup of st(v 0 ) spanned by vertices other than v 0 and w 0 . Then st(v 0 ) is a join of I and Γ 2 . Moreover, by Lemma 2.1, all the edges connecting I and Γ 2 must have label 2 since I is not labelled by 2. Thus A stv 0 = A I × A Γ 2 and ker(R) ∩ A st(v 0 ) is a free group by Lemma 2.2. This now completes the proof via induction.
For the poly-freeness part, the proof is even easier. Assume Γ is not a clique, then we can find a vertex v 0 such that st(v 0 ) Γ. Just as before we have
And if all the edges connecting v 0 to lk(v 0 ) are labled by 2, the same argument as before will work. If not, we have the same map R induced by changing one of the labels not 2 to 2. Now by induction A st(v 0 ) is poly-free and ker( f | A st(v 0 ) ) as its subgroup must also be poly-free. Hence we can again apply Lemma 2.6 and show A Γ is poly-free.
Remark 2.8. In general given a short exact sequence of groups 1 → K → G → Q → 1 with K, Q normally poly-free, G is not necessarily also normally poly-free. For example,
then G is poly-free but not normally poly-free. This is the reason that our reduction here only works for poly-free groups.
To get the reduction also works for normally poly-free groups, we need a different idea. Proof of Theorem A. As before, A Γ is an even Artin group of FC-type, we assume Γ is connected (by Lemma 2.5) but not a clique. We will make use of the following retraction map that works for any even Artin groups, see for example [4, p.311 Remark (2)].
Observation. Given any subset T of the vertex set V(Γ). Then the inclusion map A T ֒→ A Γ always admits a retraction π T : A Γ → A T which sends v to v if v ∈ T , and sends w to 1 for w T . Just as in the previous proof, we have a vertex v 0 such that the star st(v 0 ) Γ, and
where Γ 1 is the graph spanned by V(Γ) \ v 0 in Γ. In particular, we have two retraction map π st(v 0 ) :
Since π st(v 0 ) and π Γ 1 are retraction maps, we have π restricted to A st(v 0 ) and A Γ 1 are injective. By Lemma 2.6, we have ker(π) is a free group. Now we only need to show A st(v 0 ) and A Γ 1 are poly-free groups (resp. normally poly-free groups), but this follows from induction, Lemma 2.4.
Remark 2.9. Note that if all the cliques are only virtually poly-free (resp. virtually normally poly-free), our proof here also implies that A Γ is virtually poly-free (resp. virtually normally poly-free).
Proposition 2.10. Let Γ be a clique with all edge labels even. If Γ has at most 3 vertices or all labels are at least 6. Then A Γ is virtually a CAT(0) group. In particular, A Γ satisfies FJCw.
Proof If Γ is a vertex, then it is isomorphic to Z and hence CAT(0). If Γ is an edge, it is the Baumslag-Solitar group BS (n, n) by the proof of Lemma 2.2 which is also known to be CAT(0). If Γ is a triangle with labels p ≤ q ≤ r, then it is known to be CAT(0) if p ≥ 4 [8, Theorem 7] . Now assume p = 2, if q = 2, then A Γ Z × A I r which is again CAT(0). Now if p = 2 and q ≥ 6 or p = 2, q = 4 and r ≥ 6, they are CAT(0) by [17] .
The only exception we have now is (2, 4, 4) which is Commensurable to the triangle Artin group (3, 3, 3) (see [10, Section 2] , in particular Proposition 5 and Proposition 7). Now the triangle Artin group (3, 3, 3) is known to be CAT(0) [8, Theorem 7] , hence the Artin group (2, 4, 4) is virtually a CAT(0) group. If A Γ is a clique with all edges labels at least 5, it is CAT(0) by [18] . The fact that CAT(0) groups satisfy FJCw is proved in [1, 26] . Using [9, Theorem 1.1(1)], we have virtually CAT(0) groups also satisfy FJCw.
Proof of Theorem B. Let A Γ be an even Artin group, we can assume Γ is connected since FJCw is closed under taking free products [9, Theorem 1.1 (2) ]. Note that the full proof of Theorem A provides a sequence of normal subgroups A i of A Γ A 0 ✂ A 1 · · · ✁ A n such that A i /A i−1 is free for any i ≤ n − 1 and A n is finite products of A T j where each T j is a clique in Γ. Since we assumed that A T j satisfies the FJCw, the direct products will also satisfy FJCw [9, Theorem 1.1 (2) ]. Since any free-by-cyclic groups satisfies FJCw [9] , the first part of Theorem B now follows from [9, Theorem 1.1 (4)] and induction. The second part of the theorem now follows from Proposition 2.10. Note that if C is the join of C 1 and C 2 with all the edges connecting C 1 and C 2 are labled by 2, then A C is the product of A C 1 and A C 2 .
Artin groups in general
We give some further results regarding the poly-freeness of general Artin groups in this section.
Lemma 3.1. Let Γ 1 ⊆ Γ 2 be labelled finite simplicial graphs such that Γ 2 is obtained from Γ 1 via adding an edge and f : A Γ 1 → A Γ 2 be the induced map on Artin groups. Then ker( f ) is a free group.
Proof Let v, w be the vertices of the extra edge e and let Γ 0 be the subgraph of Γ spanned by vertices in V Γ 1 \ v, where V Γ 1 is the vertex set of Γ 1 . Then we can write A Γ 1 as an amalgamated product of groups
Since st(v) and Γ 0 are full subgraphs of Γ 1 , we have f | A st(v) and f | A Γ 0 are injective. Hence by Lemma 2.6, ker ( f ) is a free group. Lemma 3.2. Let Γ 1 ⊆ Γ 2 be labelled finite simplicial graphs and A Γ 1 , A Γ 2 be the corresponding Artin group. If A Γ 2 is a (virtually) poly free group (resp. normally polyfree), so does A Γ 1 .
Proof Since poly-freeness (resp. normally polyfreeness) passes to subgroups, we can assume Γ 2 have the same number of vertices of Γ 1 . In fact we can take Γ ′ 2 to be the full subgraph of Γ 2 spanned by the vertices of Γ 1 and let A ′ Γ 2 be the corresponding Artin group. Then A ′ Γ 2 is a subgroup of A Γ 2 . The lemma now follows from Lemma 3.1 by induction. 
